Introduction
In this paper we examine the shape resonance for the TM mode by a model of a piecewise constant refractive index in a two-layer spherical dielectric particle [1] , [2] as shown in Fig. 1 . The particle has its center at the origin of the coordinate system. The radius of the inner layer is , and for the outer layer it is . The refractive index in each region (and in the particle exterior) is assumed to be constant, where 1 , 2 , and 3 are the refractive index in the inner, outer and exterior regions (1, 2 and 3 respectively). The refractive index 3 in the exterior free space ( > ) is set equal to 1. The particle is assumed to be nonmagnetic and the complex time-dependence of the electric field is harmonic. The details of the resonance conditions for this model are developed in Section 2. The specific details for morphology-dependent resonances (MDRs) in this model are discussed in Section 3. The numerical calculations and graphical results for various refractive index profiles are presented in Section 4. The paper concludes with a discussion in Section 5.
Scattering Wave Theory
This section briefly discusses the standard theory of electromagnetic scattering from a spherical particle. As is well known from Maxwell's equations, for a spherically symmetric medium the electric Ε satisfies the following vector Helmholtz equation: where represents the free-space wave number and ( ) represents the refractive-index profile. It can be verified that the vector wave solutions of equation (1) can be computed by expanding the electric field in terms of the spherical vector wave functions for the transverse electric (TE) mode and the transverse magnetic (TM) modes [3] . Fig. 1 . A piecewise constant refractive index associated with a three-layer spherical dielectric particle.
To find the resonance conditions, it is necessary to focus on the radial Debye potentials ( ) and ( ), which satisfy the following second-order differential equations:
where ( ) is the radial Debye potential for the transverse electric (TE) fields, and the ( ) is the corresponding potential for the transverse magnetic (TM) fields. Only equation (3) will only be discussed (TM mode) as the TE mode has been discussed elsewhere [4] . For the case of Mie scattering (when the refractive index has a constant value) the solutions ( ) can be expressed in terms of the Ricatti-Bessel functions [5] , which are defined as
where ( ) and ( ) are spherical Bessel function of the first and second kinds, respectively. The solution is required to be finite at the origin, i.e. (0) = 0. The solution of the internal region 0 ≤ ≤ is given by [1] , [2] ( ) = ( 1 )
In regions 2 and 3 of the particle, the electric field consists of the incident wave and an outgoing scattered wave. The general solutions to (3) is linear combinations of the Riccati-Bessel functions. The solution in region 2, when < ≤ is given by
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and the external solution for ≥ is
The constants ̅ , ̅ , ̅ , and ̅ are determined by the condition that ( ) and ′ ( )/ 2 ( ) be continuous for matching the internal and external solutions where the refractive index is discontinuous (such as at the surface of the sphere and at the boundaries between regions 1 and 2). These constants are derived as
where
where = and = are the size parameters.
Resonance Theory
The electromagnetic scattering problem has a direct connection to the quantum-mechanical problem. Electromagnetic energy can tunnel through the classically forbidden region and become temporarily trapped in resonance states. In the following section, we show the results of the case that the refractive index is a real quantity (though this is not necessary).
In Fig. (2) and (3) the shape of the potential well depends on the energy 2 . These diagrams show the cases when the energy 2 lies between the top and the bottom of the well. From (17) we see that when increases, the bottom of the potential well will drop. The energy level 2 will eventually coincide with the top of the well. In quantum mechanics, only certain levels of energy will satisfy the boundary conditions and are allowed in a potential well. The problem of shape resonance is similar in this regard. The radial Schrdinger equation in units such that ℎ ̅ 2 /2 = 1, where ℎ = 2 ℎ ̅ is Planck's constant and is the reduced mass:
where ( ) is the potential energy function and is the total energy of the system. For the special case of a spherical particle with a piecewise constant refractive index, equation (3) and equation (13) will be identical if the potential function is defined as
However, the effective potential is the sum of the potential function ( ) and the centrifugal potential. It
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is given by
Therefore, the potential in this problem is now defined as
The nature of the potential (whether it is attractive, repulsive or some combination of the two) depends on the values of the refractive index and the wave number. For certain values of the energy level 2 the wave particles will become temporally trapped inside the well, oscillating back and forth many times before finally exiting the classically forbidden region by tunnelling to the outside world. The name shape resonance comes from when the resonance behavior arises as a result of the potential shape i.e. whether it is the well or the barrier. Both increasing and decreasing refractive index profiles are considered. For the case 1 < 2 , the shape of the potential function is a single well as shown in Fig. 2 . In case that 2 is much larger than 1 , the well will be deeper and wider. The classically allowed region is in 1 < < 2 . It is surrounded by the two forbidden regions 0 < < 1 and 2 < < 1 . The point 1 and 1 are called the classical turning points. In the equivalent quantum-mechanical problem a particle can tunnel through the classically forbidden regions into the classically allowed potential well.
On the other hand, we have double wells for the case 1 > 2 as shown in Fig. 3 . The most interesting feature of this case is that there are two classically allowed regions, 2 < < 1 and 2 < < 2 . They are surrounded by the three classically forbidden regions 0 ≤ < 2 , 1 < < 2 , and 2 < < 2 . The point 2 , 2 , and 2 are called the classical turning points for this case. In the forbidden regions > 1 in Fig. 2 and < 2 in Fig. 3 , the two functions ( ) and ( ) have opposite behaviors. When the function ( ) has exponential-like increasing rapidly in this region, the function ( ) has exponential-like decreasing behavior. The resonance will occur in the classically allowed regions, then the wave function will continue decay monotonically in the barrier regions to ensure that it vanishes when → ∞.
Based on the behavior of the Ricatti-Bessel functions, the behavior of the function ( ) is increasing
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Numerical Results
By solving for the size parameters and from the conditions ̅ = 0 and ̅ = 0, there are infinitely many discrete values that satisfy the conditions. However, there are only finite values are in the range between the top and the bottom of the potential well. The solutions above the top and below the bottom of the well are not classified as resonances because they are too wide to have the properties discussed above.
For specific values of the energy level, the particles will become temporally trapped in the well, oscillating back and forth many times and finally tunnelling back through the classical forbidden region to the outside world. This is where we found the shape resonances of this three-layer model. Fig. 9 shows the change of pattern that the wave function experiences as the system transverses the TM for the case of > with = . , = . , and = . For the specific value of for = .
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, -value slightly above resonance = .
(a); on resonance = .
(b); below resonance = .
(c). CASE 3: Radial wave functions for increasing refractive index profile when = . , = . , and = . Fig. 11 shows the change of pattern that the wave function experiences as the system transverses the TM for the case of < with = . , = . , and = . For the specific value of for = .
(c). CASE 4: Radial wave functions for decreasing refractive index profile when = . , = . , and = .
Fig . 12 shows the wave function ( ) along with the potential function ( ) for = . , = . , and = . This potential supports three TM resonances for specific values of . They are located at = .
, = .
(a); = .
(b); = .
(c); = .
(d). Fig. 13 shows the change pattern that the wave function experiences as the system transverses the TM for the case of > with = . , = . , and = . For the specific value of for = .
(c). , = .
(b); = . , = .
(c), = . , = .
(d), corresponding to the refractive index profile = . , = . , and = .
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(c) Fig. 13 . Behavior of the TM wave function in the vicinity of a resonance for the case = . , = . , and = ; for = .
, the behavior for a size parameter -value slightly above resonance = .
(c).
CASE 5: Special case for radial wave functions for decreasing refractive index profile when = . , = . , and = ; and when = . , = . , and = . Fig. 14 shows the wave function ( ) along with the potential function ( ) for = . , = . , and = . This potential supports three TM resonances for specific values of . They are located at = . , = .
. Fig. 15 shows the wave function ( ) along with the potential function ( ) for = . , = . , and = . This potential supports three TM resonances for specific values of . They are located at = . , = .
(b). , = .
(b), corresponding to the refractive index profile = . , = . , and = .
Discussion
Obviously, the most interesting feature of the resonance happens in the classically allowed region < < for the case of increasing refractive index, and in the regions < < and < < for the case of decreasing refractive index. If we reduce the layer of the model to a single layer sphere, the numerical results for the case of refractive index = . and = are satisfied with the results by [1] , and the case that = . and = is agreed with the results by [6] . Moreover, the lowest-level wave function has a single peak, and the higher levels will have more peaks alternating between positive and negative energy levels. Figures 5, 8, 9 , 11, and 13 demonstrate the change patterns that the wave function transverses the TM for both increasing and decreasing refractive indices. The wave functions ( ) and ( ) for the case that the value of or is above the resonance show an exponential-like increase in the tunnelling region. The amplitude of the wave function outside the particle > is much larger than the amplitude inside the particle. The case that the value of and are on the resonance shows the wave function has an exponential-like decrease in the tunnelling region. The amplitude of the wave function inside the particle is much larger than the amplitude outside because the field strength increases rapidly in the layer just outside the surface, < < for the case < < and then continues to a maximum inside the particle near the surface (both inside and outside). This is sufficient to define a resonance. The case that the value of or is below the resonance shows that the wave function has an increase exponential-like manner in the tunnelling region. This case is very similar to the case that the value of or is above the resonance except that the exponential-like growth in the tunnelling region is in the negative direction, i.e., opposite to the above resonance case.
Comparing the redial wave functions between Case 1 when 1 = 1.2, 2 = 1.5, and = 40 (shown in Fig. 4 and 6 ) and Case 5 when 1 = 1.2, 2 = 1.5, and = 53 (shown in Figure 14) ; and Case 4 when 1 = 1.47, 2 = 1.33, and = 53 (shown in Figure 12 ) and Case 5 when 1 = 1.47, 2 = 1.33, and = 40 (shown in Figure 15) , it is simply shown that the resonance values of and vary as the value of the angular momentum .
